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Projectivity of moment map quotients
Peter Heinzner and Luca Migliorini
Let G be a complex reductive group acting algebraically on a complex projective
variety X . Given a polarisation of X , i.e., an ample G-line bundle L over X , Mumford
(see [M-F-K]) defined the notion of stability: A point x ∈ X is said to be semistable with
respect to L if and only if there exitsm ∈ N and an invariant section s : X → Lm such that
s(x) 6= 0. Let X(L) denote the set of semistable points in X , then there is a projective
variety X(L)//G and a G-invariant surjective algebraic map π : X(L) → X(L)//G such
that
(i) π is an affine map and
(ii) OX(L)//G = (π∗OX(L))
G.
In particular, for an open affine subset U of X(L)//G, it follows that π−1(U) =
SpecC[U ]G where C[U ] denotes the coordinate ring of π−1(U) and C[U ]G is the algebra
of invariant functions.
There is a completely analogous picture for a holomorphic action of a complex re-
ductive group G on a Ka¨hlerian space X . The role of a polarisation is taken over by a
Hamiltonian action of a maximal compact subgroup K of G. Here one considers a maxi-
mal compact subgroup K of G, assumes the Ka¨hler structure to be K-invariant and that
there is an equivariant moment map µ : X → k∗ with respect to ω. In this situation
X(µ) = {x ∈ X ; G · x ∩ µ−1(0) 6= ∅} is called the set of semistable points of X with
respect to µ. Here G · x denotes the topological closure of the G-orbit through x. The
following result has been proved in [H-L] (c.f. [S]).
The set X(µ) is open in X and there is a complex space X(µ)//G and a G-invariant
surjective holomorphic map π : X(µ)→ X(µ)//G such that
(i) π is a Stein map and
(ii) OX(µ)//G = (π∗OX(µ))
G.
In fact there is one more analogy between these two constructions. In the case where
X is projective, the line bundle L induces a line bundle L¯ on X(L)//G which turns out to
be ample. In the Ka¨hler case ω induces a Ka¨hlerian structure ω¯ on X(µ)//G.
A very ample G-line bundle L over X induces a G-equivariant holomorphic embedding
of X into P(V ) where V is the dual vector space of the space of sections Γ(X,L) and the
G-action on P(V ) is induced by the natural linear G-action on Γ(X,L). Now one may
assume the K-representation to be unitary and therefore the pull back of the Fubini-Study
form ωP(V ) to X is a K-invariant Ka¨hler form ω and the pull back of the natural moment
map µP(V ) to X gives a moment map µ : X → k
∗. In this case, using a result of Kempf-Ness
(see [K-N]), one checks that X(µ) = X(L), i.e., the set of Mumford-semistable subsets of
X is a subset of the set of momentum-semistable sets (see [K], [N] or sec. 3.).
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Of course in general a given invariant Ka¨hler form ω on a projective G-manifold X
may not be integral. Therefore assoziated moment maps are not in an obvous way related
to G-line bundles. Nevertheless, our goal here is to prove the following
Semistability Theorem. Let X be a smooth projective variety endowed with a holo-
morphic action of a complex reductive group G = KC, ω a K-invariant Ka¨hler form and
µ : X → k∗ a K-equivariant moment map. Then there is a very ample G-line bundle L
over X such that
X(µ) = X(L) .
Recently there has been some interest in the question of how X(L) and X(L)//G vary
in dependence of L (see e.g. [D-W], [T]). The above obviously implies that these results
extend to the case where µ is moving.
1. Mumford quotients
Let G be a complex reductive group und V a G-representation, i.e., there is given a
holomorphic homomorphism ρ : G → GL(V ). Since G is reductive, it is in fact a linear
algebraic group and ρ is an algebraic map (see e.g. [Ch]). Moreover the algebra C[V ]G ofG-
invariant polynomials is finitely generated. The corresponding affine variety is denoted by
V//G. The inclusion C[V ]G →֒ C[V ] induces a polynomial map π : V → V//G which turns
out to be surjective. Explicitely π : V → V//G can be realized as follows. Let q1, . . . , qk
be a set of generators of the algebra C[V ]V and q := (q1, . . . , qk). Then Y := q(V ) is
a Zariski-closed subset of Ck which is isomorphic with V//G. Under this isomorphism
π : V → V//G is given by q.
Since the group G and the action G×V → V, (g, v)→ g ·v, are algebraic, every G-orbit
is Zariski-open in its closure. In particular, for every x ∈ G · v \G · v we have dimG · x <
dimG · v. This implies that the closure of every G-orbit contains a closed G-orbit which
may be defined as a G-orbit of smallest dimension in G · v. Now G-invariant polynomials
separate G-invariant Zariski-closed subsets. This can be seen by using integration over a
maximal compact subgroup K of G. Thus the closed G-orbit in G · v is unique. Moreover
for v, w ∈ V we have π(v) = π(w) if and only if G · v∩G · w 6= ∅ and this is the case if and
only if G · v and G · w contain the same closed orbit. Consequently, if G · v0 is the closed
orbit in G · v, then π−1(π(v)) = {w ∈ V ; G · v0 ⊂ G · w}. This is often expressed by the
phrase that the quotient V//G parametrises the closed G-orbits in V .
Assume now that X is a projective G-variety which is realized as a G-stable Zariski-
closed subset of P(V ). In general there is no way to associate to X a quotient X//G
which has reasonable properties. For example if V is irreducible, then P(V ) contains a
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unique G-orbit which is compact. This orbit is the image of a G-orbit through a maximal
weight-vector in V . Since every G-orbit in P(V ) contains a closed G-orbit in its closure,
the unique compact orbit is contained in the closure of every other G-orbit in P(V ). If
one would try to define a Hausdorff quotient, then every point would have to be identified
with the points in the unique compact orbit. The resulting quotient would be a point.
In order to resolve this difficulty Mumford introduced the following procedure (see
[M-F-K]). Let N be the Null-cone in V , i.e., the fibre through the origin of the quotient
map π : V → V//G and let p : V \ {0} → P(V ) denote the C∗-principal bundle which
defines the projective space P(V ). For a subset Y of P(V ) let Yˆ := p−1(Y ) denote the
corresponding cone in V . A point x ∈ X is said to be semistable with respect to V if
xˆ = p−1(x) ⊂ Xˆ \ N . Let X(V ) := p(Xˆ \ N) denote the set of semistable points in X
with respect to the representation V . Thus X(V ) is obtained by removing the image of
the Null-cone from X .
The cone C(X) := Xˆ∪{0} in V over X is a G-stable closed affine subset of V and N is
saturated with respect to πV : V → V//G. Thus Xˆ(V ) := Xˆ \N = C(X) \N is saturated
with respect to πXˆ : Xˆ → Xˆ//G. In particular there is a quotient πˆ : Xˆ(V ) → Xˆ(V )//G
which is given by restricting πV : V → V//G to Xˆ(V ). The C
∗-action on V defined by
multiplication commutes with the G-action and stabilises Xˆ(V ). Thus there is an induced
C∗-action on Xˆ(V )//G which can be described explicitly as follows. Let q1, . . . , qk be a set
of homogeneous generators of C[V ]G with deg qj = dj. The map q : V → C
k is equivariant
with respect to C∗. More precisely we have q(t · v) = (td1q1(v), . . . , t
dkqk(v)). Moreover
q(V \N) = q(V ) \ {0} ⊂ Ck \ {0}. Note that C∗ acts properly on Ck \ {0}. In particular
there is a geometrical quotient Ck \ {0}/C∗ =: P(d1, . . . , dk) which is a projective variety.
This implies that X(V )//G := (Xˆ(V )//G)/C∗ is also a projective variety, since it is a
Zariski-closed subspace of P(d1, . . . , dk). The map Xˆ(V )→ X(V )//G is C
∗-invariant and
induces therefore an algebraic map π : X(V ) → X(V )//G which is the quotient map for
the G-action on X(V ).
There is a standard procedure to realize a given G-variety X as a G-stable subvariety
of some projective space P(V ) where V is a G-representation. For this assume that L
is a very ample line bundle over X and let Γ(X,L) denote the space of holomorphic
sections of L. Thus the natural map ıL : X → P(V ) which is given by evaluation where
V := Γ(X,L)∗ is the dual of Γ(X,L) is an embedding. Now if the G-action on X lifts to a
G-action on L, then V is a G-representation in a natural way and ıL is G-equivariant. The
set X(L) := {x ∈ X ; s(x) 6= 0 for some invariant section s ∈ Γ(X,Lm), m ∈ N} coincides
with X(V ) after identifying X with ıL(X) ⊂ P(V ) and is called the set of semistable points
of X with respect to the G-line bundle L. Note that X(L) depends on L and on the lifting
of the G-action to L.
The following two elementary facts concerning G-actions on line bundles are often
useful.
Lemma. Let X be a connected projective G-variety.
(i) If L is ample, then there is a lifting of the G-action to some positive power Lm of L.
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(ii) Two liftings of the G-action to L differ by a character of G.
Proof. The last statement follows since X is compact and therefore a G-action on the
trivial bundle X × C = L⊗ L−1 is given by g · (x, z) = (g · x, χ(g)z) where χ : G→ C∗ is
a character of G.
For the first statement one may assume that G acts effectively. Since G is connected
the induced action on Pic(X) is trivial. This implies that there is a subgroup G˜ of the
automorphism group of L and an exact sequence of the form
1→ C∗ → G˜→ G
α
→ 1
where α is given by restricting g˜ ∈ G˜ to the zero section X →֒ L. This sequence splits after
replacing G by a finite covering. Hence the G-action on X lifts to Lm for some positive
m. 
2. Moment map quotients
Let G be a complex reductive group which acts holomorphically on a complex manifold
X . Now choose a maximal compact subgroup K of G and let ω be a K-invariant Ka¨hler
form on X . By definition the K-action on X is said to be Hamiltonian with moment map
µ if there is given an equivariant smooth map µ from X into the dual k∗ of the Lie algebra
k of K such that
(∗) dµξ = ıξXω
for all ξ ∈ k. Here ξX denotes the vector field onX associated with ξ, µξ = µ(ξ) and ıξXω is
the one form η → ω(ξX , η). Note that for a connected manifold X an equivariant moment
map is uniquely defined by (∗) up to a constant in k∗ which lies in the set of fixed points.
In particular, if the group K is semisimple then an equivariant moment map is unique.
Moreover in the semisimple case it can be shown that µ exists for a given K-invariant
Ka¨hler form ω (see e.g. [G-S])
Example. Let ρ : X → R be a smooth K-invariant function, ω := 2i∂∂¯ ρ and let µ : X → k∗
be the associated K-equivariant map which is defined by µξ = dρ(JξX). Here J denotes
the complex structure tensor on X . A direct calculation shows that dµξ = ıξXω holds for
every ξ ∈ k. In particular, if ρ is strictly plurisubharmonic, i.e., ω is Ka¨hler, then µ is a
moment map. We refer to µ =: µρ as the moment map given by ρ.
Similar to the case of an ample G-line bundle there is a notion of semistability with respect
to µ. A point x ∈ X is said to be semistable with respect to µ if G · x ∩ µ−1(0) 6= ∅. Let
X(µ) denote the set of semistable points with respect to µ.
The following is proved in [H-L] (see also [S]).
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Theorem 1. The set of semistable points X(µ) is open in X and the semistable quotient
π : X(µ) → X(µ)//G exists. The inclusion µ−1(0) →֒ X(µ) induces a homeomorphism
µ−1(0)/K ∼= X(µ)//G. 
By a semistable quotient of a complex space Z (see [H-M-P] for more details) endowed
with a holomorphic action of G we mean a complex space Z//G together with a G-invariant
surjective map π : Z → Z//G such that:
(i) The structure sheaf OZ//G is given by (π∗OZ)
G, i.e., the holomorphic functions on
an open subset of Z//G are exactly the invariant holomorphic functions on its inverse
image in Z.
(ii) The map π : Z → Z//G is a Stein map, i.e., the inverse image of a Stein subspace of
Z//G is a Stein subspace of Z.
In [H-H-L] it is shown that each point q ∈ X(µ)//G has an open neighborhood Q such
that ω = 2i∂∂¯ρ on π−1(Q) for some K-invariant smooth function ρ. Furthermore, the
moment map µ restricted to π−1(Q) is given by ρ, i.e., µ = µρ. A result of Azad and Loeb
(see [A-L]) asserts that ρ is an exhaustion on G · x if x ∈ µ−1(0), i.e., is bounded from
below and proper. In particular G ·x is closed in X(µ) for every x ∈ µ−1(0). The converse
is also true in the following sense. If G · x is closed in X(µ), then µ(g · x) = 0 for some
g ∈ G. Furthermore in [H-H] it is shown that the restriction of ρ to each fibre over Q is an
exhaustion, i.e., is bounded from below and proper. This Exhaustion Lemma and also a
refinement of it (see sec. 6) will be used several times in the remainder of this paper. For
example, it implies the following (see [H-H]).
Theorem 2. Let X be a compact complex manifold with a holomorphic G-action and let
µ : X → k∗ be a moment map with respect to a K-invariant Ka¨hler form ω. Let ω˜ be a
K-invariant Ka¨hler form on X which lies in the cohomology class of ω. Then there exists
a moment map µ˜ : X → k∗ with respect to ω˜ such that
X(µ) = X(µ˜) .
Proof. We recall the argument given in [H-H]. Since ω˜ is cohomologous to ω and X is a
compact Ka¨hler manifold, there exists a differentiable K-invariant function f : X → R
so that ω˜ = ω + 2i∂∂¯f . Define µf : X → k∗ by µfξ = JξX(f) for ξ ∈ LieK and set
µ˜ = µ+µf . Then µ˜ is a moment map with respect to ω˜. For every x ∈ X(µ) there exists a
strictly plurisubharmonic K-invariant function ρ : Z → R, where Z := G · x∩X(µ), so that
µ|Z = µρ, where µρ is the moment map associated to ρ (see [H-H-L]). Since Z∩µ−1(0) 6= ∅,
the above mentioned Exhaustion Lemma implies that ρ : Z → R is an exhaustion. Now
f attains its minimum and maximum on X and ρ is an exhaustion. Hence the strictly
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plurisubharmonic K-invariant function ρ˜ := ρ+ f is also an exhaustion on Z. This shows
that Z ⊂ X(µ˜), i.e., X(µ) ⊂ X(µ˜). By symmetry we have X(µ) = X(µ˜). 
If G is a connected semisimple Lie group, then a moment map with respect to a K-
invariant Ka¨hler ω always exists and is unique. Thus in this case Theorem 2 shows that
X(µ) depends only on the cohomology class of ω.
3. Moment maps associated to representations
Let V be a G-representation whose restriction to the maximal compact subgroup K of G is
unitary with Hermitian inner product < , >. Then ρ : V → R, ρ(z) = 12 ||z||
2 = 12 < z, z >,
is a K-invariant strictly plurisubharmonic exhaustion function on V and consequently
V = V (µ) where µ : V → k∗, µξ(z) =
1
i < ξz, z >= dρ(Jξz) is the moment map associated
with ρ. The Ka¨hler form ωV = 2i∂∂¯ ρ is given by ωV (v, w) = −Im < v,w >. Since in
this case the restriction of ρ to every π-fibre is an exhaustion, we have V (µ) = V and the
inclusion µ−1(0) →֒ V induces a homeomorphism µ−1(0) ∼= V//G (see sec. 2 Theorem 1).
The essential part of this statement has already been proved in [K-N].
Let S := S(V ) := {z ∈ V ; ||z|| = 1} denote the unit sphere in V . Note that S is
a co-isotropic submanifold of V with respect to ωV , i.e., (TzS)
⊥ωV = Tz(S
1 · z) ⊂ TzS
where the circle group S1 = {λ ∈ C; |λ| = 1} acts on V by multiplication. This is easily
seen by using the orthogonal decomposition TzV = Tz(C
∗z)⊕W where W := TzS ∩ iTzS
denotes the complex tangent space of S at z. The complex structure on W induces the
standard complex structure on P(V ) = S(V )/S1. Moreover since S is co-isotropic, there
is a unique symplectic structure ωP(V ) on P(V ) such that ı
∗
Sp
∗ωP(V ) = ı
∗
SωV . Here p :
(V \{0})→ (V \{0})/C∗ = P(V ) denotes the quotient map and ıS : S →֒ V is the inclusion.
Furthermore, the definition of the complex structure and of ωP(V ) are compatible so that
ωP(V ) is in fact a Ka¨hler form on P(V ). Up to a positive constant it is the unique Ka¨hler
form on P(V ) which is invariant with respect to the unitary group U(V ). Note that ωP(V )
is determined by p∗ωP(V ) = 2i∂∂¯ log ρ = 2i(−
1
ρ2
∂ρ ∧ ∂¯ρ+ 1
ρ
∂∂¯ρ).
The induced K-action on P(V ) is again Hamiltonian. The moment map is given by
(µP(V ))ξ([z]) =
2
i
<ξz,z>
||z||2 = d log ρ(z)(Jξz). In particular we have G · [z] ∩ µ
−1
P(V )(0) 6= ∅
if and only if G · z ∩ µ−1(0) 6= ∅ and this is the case if and only if f(z) 6= 0 for some
G-invariant homogeneous polynomial f on V .
Now let X be a G-stable subvariety of P(V ). The pull back of ωP(V ) to X induces a
Ka¨hlerian structure ω on X und the K-action is Hamiltonian with moment map µ : X →
k∗, µ = µP(V )|X . We call µ the standard moment map induced by the embedding into
P(V ). The above construction shows the following well known
Lemma. Let L be a very ample G-line bundle over X and consider X as a G-stable
subvariety on P(V ) where the embedding is given by Γ(X,L) and V = Γ(X,L)∗. Then
X(µ) = X(L) ,
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i.e., the semistable points with respect to the standard moment map on P(V ) are the
semistable points with respect to L. 
4. The main result
Let G be a connected complex reductive group and K a maximal compact subgroup of G,
i.e., G = KC. By a G-variety we mean in the following an algebraic variety together with
an algebraic action of G.
Let X be a smooth projective G-variety and ω a K-invariant Ka¨hler form on X .
Assume that the K-action is Hamiltonian with respect to ω, i.e., there is a K-equivariant
moment map µ : X → k∗, and denote by X(µ) := {x ∈ X ; G · x ∩ µ−1(0) 6= ∅} the set of
semistable points with respect to µ.
Semistability Theorem. There is a very ample G-line bundle L over X such that
X(µ) = X(L) .
Here X(L) denotes the set of semistable points in X in the sense of Mumford, i.e., X(L) =
{x ∈ X ; s(x) 6= 0 for some G-invariant holomorphic section s of Lm, m ∈ N}.
The case where ω is assumed to be integral is well known and follows rather directly
from the definitions using standard Kempf-Ness type arguments. In fact it is a consequence
of Theorem 2 of sec. 2 and the Lemma in sec. 3.
The proof in the general case is divided into two steps. In the first part we consider
forms ω whose cohomology class [ω] is contained in the R-linear span of the ample cone
in H1,1(X). The second part of the proof is more involved. It is a reduction procedure to
the first case.
At least implicitly (see e.g. [D-W], [K], [N]) the ample cone case seems to be known.
In order to be complete we include a proof in the next paragraph.
5. The ample cone case
In this section G is a connected complex reductive group with a fixed maximal compact
subgroup K and X is a smooth projective G-variety. Let ω be a K-invariant Ka¨hler form
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and assume that there is an equivariant moment map µ : X → k∗. In this section we proof
the following
Proposition. Assume that the cohomology class of ω lies in the real linear span of the
ample cone in H1,1(X). Then there exists a very ample G-line bundle L over X such that
X(µ) = X(L) .
Proof. Since X(µ) essentially depends only on the cohomology class of ω (see sec. 2
Theorem 2), we may assume that there are equivariant holomorphic embeddings ık : X →
P(Vk), k = 1, . . . , m, so that
ω =
∑
ak ı
∗
kωP(Vk)
where ak are positive real numbers.
Let ı : X → P(V1)× · · · × P(Vm) be the diagonal embedding. Then
ω = ı∗(
∑
ak π
∗
kωP(Vk)) ,
where πk : P(V1)×· · ·×P(Vm)→ P(Vk) denotes the projection. Hence the moment map µ
is the restriction of a moment map on P(V1)× · · · × P(Vm) with respect to
∑
ak π
∗
kωP(Vk)
which also will be denoted by µ. Since X is closed in P(V1)× · · · × P(Vm), we have
X(µ) = (P(V1)× · · · × P(Vm))(µ) ∩X .
Thus for the proof of the proposition we may assume that X = P(V1)× · · · × P(Vm), ω =∑
ak π
∗
kωP(Vk) and the G-action is given by a representation G→ GL(V1)× · · ·×GL(Vm).
Let T be a maximal compact torus in K. Then TC is a maximal algebraic torus in G.
We now reduce the proof of the proposition to the case where G = TC as follows.
Let µT : X → t
∗ be the moment map for the T -action which is induced by µ and the
embedding t →֒ k. Then it follows that
X(µ) =
⋂
k∈K
k ·X(µT )
by the Hilbert Lemma version in [K] (sec. 8.8.). Thus it is sufficient to show the following
Claim. There exists a very ample G-line bundle L over X = P(V1)×· · ·×P(Vm) such that
X(µT ) = X(LT )
where X(LT ) denotes the set of semistable points with respect to L if one considers L as
a TC-bundle.
The proposition follows from the above claim, since
X(µ) =
⋂
k∈K
k ·X(µT ) =
⋂
k∈K
k ·X(LT ) = X(L) .
In order to prove the claim one may proceed as follows.
Let S = S1×· · ·×Sm be the maximal torus in GL(V1)×· · ·×GL(Vm) which contains
the image of T and µk : P(Vk)→ s
∗
k the standard moment map on P(Vk). We will consider
µk as a moment map with respect to S = S1 × · · · × Sm where the factors of S different
from Sk act trivially on X = P(V1) × · · · × P(Vm). Since ω =
∑
ak ωP(Vk), the moment
map µ : X → t∗ is given by
µ = a1 µ1 + · · ·+ am µm + c
where c ∈ t∗ and µk now denotes the map from X to t
∗ which is given by µk : X → s
∗
composed with the dual of t → s. Now if a˜k and are positive rational numbers and c˜
is rational, then µ˜ := a˜1 µ1 + · · · + a˜m µk + c˜ is a moment map with respect to ω˜ :=∑
a˜k π
∗
kωP(Vk). Since a˜k and c˜ are rational, it follows that there is a very ample G-line
bundle L over X such that X(L) = X(µ˜). Thus we have to show the following
There exists a˜k and c˜ such that X(µ) = X(µ˜).
This statement follows from convexity properties of µ as follows. Since T is compact,
the set XT of T -fixed points in X is smooth. Let XT = ∪j∈JFj be the decomposition into
connected components. Note that µ is constant on every Fj , j ∈ J . For a set J let P(J) be
the set of subsets of J . We say that L ∈ P(J) is µ-semistable if 0 ∈ Conv{µ(Fj); j ∈ L}
where Conv denotes the convex hull operation in t∗. Let XL := {x ∈ X ; TC · x ∩ Fj 6=
∅ for all j ∈ L}. Since µ(TC · x) = Conv{µ(Fj); TC · x ∩ Fj 6= ∅} (see [A]), it follows that
X(µ) =
⋃
XL .
Here the union is taken over the elements L of P(J) which are µ-semistable. For a given
µ denote by I(µ) the set of µ-semistable subsets of J . We show now that if a collection of
subsets is of the form I(µ), then I(µ) = I(µ˜) for some positive rational a˜k and rational c˜.
In order to see this, let Λkj := (µk(Fj) ∈ t
∗. Note that Λkj are integral points in t
∗.
A subset I ⊂ P(J) is of the form I(µ) if and only if there exist positive real numbers ak
and c ∈ t∗ such that for all L ∈ P(J) the following holds.
0 ∈ Conv {
∑
k akΛkj + c ; j ∈ L} if and only if L ∈ I.
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This condition is equivalent to a collection of linear inequalities with integral coefficients
in the unknowns ak’s and c which have a real solution if and only if they have a rational
one. 
6. Cohomologous Ka¨hler forms on orbits
In this section let G be a connected complex reductive group with maximal compact
subgroup K and let X = G · x0 be a G-homogeneous manifold. We assume that there are
given K-invariant Ka¨hler forms ωj, j = 0, 1, on X which are cohomologous and set
ωt = (1− t)ω0 + t ω1 , t ∈ [0, 1] .
Moreover, assume that there are K-equivariant moment maps
µt : X → k∗ , t ∈ [0, 1]
with respect to ωt such that the dependence on t is continuous.
Remark. We have µt = (1− t)µ0 + t µ1 + ct where ct ∈ z∗ is a constant. Here z is the Lie
algebra of the center of K. The goal of this section is to obtain some control about the
semistable set if t varies.
Lemma. If M t0k 6= ∅ for some t0 ∈ [0, 1], then ω
t = 2i∂∂¯ρt where ρt = (1 − t) ρ0 + t ρ1
and ρj : X → R, j = 0, 1, are K-invariant smooth functions.
Proof. Since M t0K 6= ∅, the orbit X = G · x0 is a Stein manifold (see e.g. [H] or [H-H-L]).
Now ω0 and ω1 are assumed to be cohomologous. Thus there is a K-invariant smooth
function u : X → R such that ω1 − ω0 = 2i∂∂¯ u. On the other hand ωt0 = 2i∂∂¯ f for
some K-invariant smooth function f : X → R (see sec. 2 and [H-H-L]). Thus ωt = 2i∂∂¯ ρt
where ρ0 := u− t0f and ρ
1 := u+ (1− t0)f . 
Now let Z denote the connected component of the identity of the center of K and let S
be a semisimple factor of K. Thus K = S · Z and k = s ⊕ z on the level of Lie algebras.
Let µtS (resp. µ
t
Z) be the moment map with respect to the S-action (resp. Z-action), i.e.,
the composition of µt with the dual of the inclusion s →֒ k (resp. z →֒ k). We also set
M tK := (µ
t)−1(0), M tS := (µ
t
S)
−1(0) and M tZ = (µ
t
Z)
−1(0).
Proposition. If M t0k 6= ∅ and if the set X(µ
t
Z) of Z
C-semistable points is independent of t,
then there are pluriharmonic K-invariant functions ht : X → R which depend continuously
on t such that
µt = µρ
t+ht .
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Proof. It follows from the definition of a moment map that it is unique up to a constant.
Thus µρ
t
= µt + ct where ct is a K-invariant constant, i.e., ct ∈ z∗.
The proof of the Proposition will be reduced to the case of a compact Abelian group
T ∼= (S1)k. In this situation we have TC ∼= (C∗)k and t = LieT ∼= Rk. Moreover, for
any ct ∈ t∗, ct = (ct1, . . . , c
t
k), the function h˜
t(z1, . . . , zk) = c
t
1 log |z1| + · · · + c
t
k log |zk| is
pluriharmonic on TC and satisfies µh˜
t
= ct.
Let x0 ∈M
t0
K and set L := Kx0 . Then we have the following orthogonal decomposition
of the Lie algebra k.
k = t⊕ zL ⊕ s
where zL := z ∩ (s+ l), z = t⊕ zL and s+ l = s⊕ zL.
Note that z is the Lie algebra of the group K/S and s + l is the Lie algebra of the
subgroup S · L of K. Since K is connected K/SL = (K/S)/(SL/S) =: T is a compact
connected Abelian group. Hence we have T ∼= (S1)k and LieT ∼= (k/s)/((s+l)/s) ∼= z/zL =
t. Now identify k ∼= k∗, i.e., we have the orthogonal splitting
k∗ = t∗ ⊕ z∗L ⊕ s
∗ .
Claim. ct ∈ t∗ .
For the proof let x0 ∈ M
t0
K be given and note that Z
C · x0 is closed in X(µ
t0
Z ) = X(µ
t
Z).
Thus there are xt ∈ Z
C ·x0 such that µ
t
Z(xt) = 0. In particular we have c
t = µρ
t
(xt). Now
let ξ = τ + λ+ σ, where τ ∈ t, λ ∈ zL and σ ∈ s. Then, since the moment map is unique
for a semisimple Lie group, it follows that
0 = µtσ(xt) = µ
ρt
σ (xt) .
For λ ∈ zL we have λ = λS + λL for some λS ∈ s and λL ∈ l and [λ, λL] = 0. Thus, using
the fact that xt is an L
C-fixed point, we have
exp isλ · xt = exp isλ · exp isλL · xt = exp isλS · xt .
This implies
0 = µtλS (xt)
= µρ
t
λS
(xt)
=
(
d
ds
)
s=0
ρt(exp isλS · xt)
=
(
d
ds
)
s=0
ρt(exp isλ · xt)
= µρ
t
λ (xt) .
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Since
µρ
t
ξ (xt) = µ
ρt
τ (xt) + µ
ρt
λ (xt) + µ
ρt
σ (xt) = µ
ρt
τ (xt) ,
this implies the claim.
Now, as we already observed, on TC there exists a pluriharmonic function h˜t : TC → R
such that µh˜
t
= ct := µρ
t
(xt) ∈ t
∗. Since TC = (KC/SC)/(SCLC/SC) = KC/SCLC, the
natural map q : KC/LC → TC is KC-equivariant. Thus ht := h˜t ◦ q is a K-invariant
pluriharmonic function onX = KC/LC such that µh(xt) = c
t. Therefore ρt−ht is a smooth
K-invariant function such that ωt = 2i∂∂¯ (ρt−ht) and, since µt(xt) = µ
ρt−ht(xt) = 0 and
X is connected, µt = µρ
t−ht . 
7. Action of a torus
Let T ∼= (S1)m be a torus and X a complex projective manifold with an algebraic action
of the complexified torus TC ∼= (C∗)m. Let ωj be T -invariant Ka¨hler forms on X with
moment maps µj : X → t.
We say that ω0 and ω1 are cohomologous on the closure Y of a TC-orbit in X if there
is a TC-equivariant projective desingularization p : Y˜ → Y such that the pull back of the
forms to Y˜ are cohomologous, i.e., such that p∗ω1 − p∗ω0 = 2i∂∂¯ f for some T -invariant
smooth function f : X → R.
For t ∈ [0, 1] we set ωt := (1− t)ω0 + t ω1 and µt := (1− t)µ0 + t µ1. Note that µt is
a moment map with respect to ωt and that ωt and ω0 are cohomologous on the closure of
every TC-orbit in X is this is the case for ω0 and ω1.
Proposition. If ω0 and ω1 are cohomologous on the closure of every TC-orbit in X, then
there is a constant ct ∈ t∗ depending continuously on t such that
X(µ0) = X(µt + ct) .
For the proof of the Proposition we consider first the case where T ∼= S1, i.e., we fix
a one dimensional subtorus S1 = {exp zξ; z ∈ R} where ξ is chosen to be a generator
of the kernel of the one-parameter group z → exp zξ. With respect to this S1-action
let XS
1
= ∪Fα be the decomposition of the set of S
1-fixed points of X into connected
components. The set of these components is endowed with a partial order relation which
is generated by Fα < Fβ . Here we set Fα < Fβ if and only there is a point x ∈ X such
that lim
z→0
z · x ∈ Fα and lim
z→∞
z · x ∈ Fβ where z ∈ C
∗ = (S1)C.
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Let µtξ : X → R where µ
t
ξ = 〈µ
t , ξ〉 denote the moment map with respect to the given
S1-action. Since dµtξ = ıξXω
t, the moment map µtξ is constant on every Fα.
Lemma. If Fα < Fβ, then µ
0
ξ(Fα)− µ
0
ξ(Fβ) = µ
t
ξ(Fα)− µ
t
ξ(Fβ).
Proof. Let x0 ∈ X be such that lim
z→0
z · x0 ∈ Fα and lim
z→∞
z · x0 ∈ Fβ . We may assume
that the map C∗ → C∗ · x0, z → z · x0 is an isomorphism and extends to a holomorphic
map b : P1(C)→ X with b(0) = xα and b(∞) = xβ .
Now since by assumption the pull back of η := ωt−ω0 to the desingularization P1(C)
of C∗ · x0 is cohomologous to zero we have
0 =
∫
C∗·x0
η
=
∫
C∗·x0
η
=
∫
R+·x0
ıξXη
=
∫
R+·x0
d(µtξ − µ
0
ξ)
= µtξ(xβ)− µ
0
ξ(xβ)− (µ
t
ξ(xα)− µ
0
ξ(xα)) .
Here R+ · x0 denotes the R
+ := {z ∈ R; z > 0}-orbit through x0.

Remark. Implicitly we used that under the above assumption ω0 and ω1 are cohomologous
on the normalisation of C∗ · x0.
Proof of the Proposition. The above Lemma implies that there is a constant ct ∈ t∗
depending continuously on t such that µ0 and µ˜t := µt + ct assume the same values on
every component of the set XT of T -fixed points in X . Since µ˜t(TC · x)) is the convex
hull of the images of µ˜t(Fα) where Fα ∩ TC · x 6= ∅ (see [A]) it follows that X(µ
0) = {x ∈
X ; 0 ∈ µ0(TC · x))} = {x ∈ X ; 0 ∈ µ˜t(TC · x))} = X(µ˜t). 
8. Action of a semisimple group
Let G be a connected complex semisimple Lie group with maximal compact subgroup K
and X a projective manifold with an algebraic G-action. As in the last section we say that
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two given closed forms ω0 and ω1 are cohomologous on the closure Y of a G-orbit in X if
there is a G-equivariant desingularization p : Y˜ → Y such that p∗ω0 − p∗ω1 = 2i∂∂¯f for
some smooth function f : Y˜ → R.
Proposition. Let ωj : X → k∗, j = 0, 1, be two K-invariant Ka¨hler forms on X which are
cohomologous on every G-orbit closure and let µj be the unique moment map with respect
to ωj. Then
X(µ0) = X(µ1) .
Proof. For x ∈ (µ0)−1(0) set Y := G · x and let p : Y˜ → Y an equivariant resolution
of singularities such that p∗ω1 − p∗ω0 = 2i∂∂¯f for a smooth K-invariant function f . In
particular f is bounded on G · x.
Since G ·x is closed in X(µ0) it follows from the exhaustion lemma that µ0|G ·x = µρ
for some K-invariant plurisubharmonic exhaustion function ρ : G · x→ R.
Therefore ρ + f is likewise an exhaustion and in particular has a minimum on G · x.
Since µ1 is unique, we have µ1 = µ0 + µf = µρ+f . Thus X(µ0) ⊂ X(µ1) and the reverse
inclusion follows by symmetry. 
9. Reduction to Levi factors
Let G be a connected complex reductive group with maximal compact subgroup K and let
X be a compact connected manifold endowed with a holomorphic action of G. We assume
that there are given K-invariant Ka¨hler forms ωj , j = 0, 1, on X which are cohomologous
on any G-orbit and set
ωt = (1− t)ω0 + t ω1 , t ∈ [0, 1] .
Moreover, assume that there are K-equivariant moment maps
µt : X → k∗ , t ∈ [0, 1]
with respect to ωt which depend continuously on t. We set M tK := (µ
t)−1(0).
Let Z be the center of K and S the semisimple part of K, i.e., K = Z ·S where Z ∩S
is a finite group and assume the following condition:
(∗) X(µtZ) is independent of t ∈ [0, 1] .
Lemma 1. Assume the condition (∗) and for x0 ∈ X let Ω := G · x0. Then, for t ∈ [0, 1],
M tK ∩ Ω 6= ∅
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is an open condition.
Proof. Let t0 ∈ [0, 1] be such that M
t0
K ∩Ω 6= ∅. It follows that there exists a smooth curve
ρt of K-invariant smooth functions so that ωt = 2i∂∂¯ τ t and µt = µρ
t
on Ω. Furthermore,
since M t0K ∩ Ω 6= ∅, it follows that ρ
t0 is an exhaustion of Ω. For t near t0 the function ρ
t
has the same convexity properties as ρt0 and is therefore likewise an exhaustion (see [H-H],
proof of Lemma 2 in sec. 2). The points where it has its minimum are those in M tK ∩ Ω.

Lemma 2. Assume the condition (∗) and for x0 ∈ X let Ω := G · x0. Then, for t ∈ [0, 1],
M tK ∩ Ω 6= ∅
is a closed condition.
Proof. We have to show that M tK ∩ Ω 6= ∅ for t ≤ t0 implies M
t0
K ∩ Ω 6= ∅.
Since µtK depends continuously on t andX is compact, it follows thatM
t0
K ∩G · x0 6= ∅.
Let y0 ∈M
t0
K . If G·y0 6= Ω, then by Lemma 1 for t near t0 we have thatM
t
K∩G · x0 ⊂ G·y0.
However the intersection of M tk with G · x0 consist of precisely one K-orbit, which would
be contrary to M tK ∩ Ω also being non-empty. 
Proposition. Assume that condition (∗) is fulfilled. Then X(µtK) does not depend on
t ∈ [0, 1].
Proof. Let x ∈M t0K and Ω := G ·x. From the above two Lemma it follows thatM
t
K∩Ω 6= ∅
for all t. Thus, the condition that Ω is a closed G-orbit in X(µtK) is satisfied for some t if
and only if this is the case for all t. 
10. Proof of the Semistability Theorem
For the proof of the Semistability Theorem we need to associate to a given Ka¨hler form
one whose cohomology class lies in the real span of the ample cone. (see [M], §3). Let X
be a smooth projective variety and denote by H ∈ H2(X,Q) the cohomology class of a
hyperplane section.
Let C1 be the subspace of the second rational homology group H2(X,Q) which is
spanned by the images of closed analytic curves and Cn−1 the subspace of H
2(X,Q)
spanned by divisors, or, what is the same, Chern classes of holomorphic line bundles.
Lemma 1. The pairing C1 × Cn−1 −→ R which is induced by associating to a line bundle
L and a curve C the intersection number L · C := degLC is perfect.
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Proof. The result is well known for surfaces. Let S be a generic intersection of n −
2 hyperplane sections. If a divisor D is numerically trivial its restriction DS to S is
numerically trivial as well and therefore its cohomology class in H2(S,Q) is zero. By
the Lefschetz hyperplane sections theorem the restriction map H2(X,Q) −→ H2(S,Q) is
injective and therefore the cohomology class of D is zero. Let now C be a numerically
trivial 1-cycle on X . By the Hard Lefschetz theorem there is a divisor D such that C is
homologous to Hn−2D. If γ = Hn−2Γ is another 1-cycle D · γ = D ·Hn−2 · Γ = C · Γ = 0
so that D is numerically trivial and homologous to zero, and therefore C is homologous to
zero. 
Lemma 2. Let ω be a Ka¨hler form on X. Then there exist a Ka¨hler form ω˜ whose
cohomology class [ω˜] lies in the span of the ample cone such that∫
C
ω˜ =
∫
C
ω
holds for all one-dimensional analytic cycles C.
Proof. Consider the linear map λ : C1 → R, λ(C) =
∫
C
ω, given by λ(C) =
∫
C
ω. By
Lemma 1 there is a class D˜ in Cn−1 such that λ(C) = D˜ · C for all 1-cycles C. Since D˜ is
a divisor, the cohomology class of D˜ lies in the span of the ample cone.
As a consequence of the Kleiman ampleness criterion the cohomology class of D˜ con-
tains a Ka¨hler form ω˜.

Lemma 3. Let Y be a connected smooth projective variety and assume that G has an open
orbit on Y . Then there are no non-zero holomorphic p-forms on Y for p ≥ 1.
Proof. For ξ ∈ k let ξY denote the corresponding holomorphic vector field on Y . The
complex one-parameter subgroup of G which is generated by ξ has a fixed point on Y . This
is seen most easily by considering the closure of this group in G which is an algebraic torus
and then an induction argument shows that every algebraic torus action on a projective
variety has a fixed point.
Now let α be a holomorphic p-form on Y and z0 a point in the open G-orbit. For
ξj ∈ k, j = 1, . . . , p the holomorphic function α(ξ1Y , . . . , ξpY ) is constant on Y and therefore
identically zero. Since {ξY (z0); ξ ∈ k} span the complex tangent space at z0, it follows
that α is zero on the open G-orbit. Hence α is identically zero on Y . 
Under the same assumption on Y as in the above Lemma we have the following
Corollary. If α is a smooth closed (1, 1)-form on Y such that
∫
C
α = 0 for every one-
dimensional analytic cycle C, then α = 2i∂∂¯ f for some smooth function f : Y → R.
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Proof. This follows from Lemma 3 since H1,1(Y ) = H2(Y,C) = H2(Y,Z) ⊗ C holds (see
the proof of Lemma 2). 
Lemma 4. If the K-action on X is Hamiltonian with respect to the K-invariant Ka¨hler
form ω, then it is also Hamiltonian with respect to any other K-invariant Ka¨hler form ω˜.
Proof. Since X is algebraic and the KC-action on X is assumed to be algebraic, every
one-parameter subgroup t → exp tξ, t ∈ R, ξ ∈ k, has a fixed point in X . Using the
Hodge decomposition (see [F]) one sees that to every ξ ∈ k there exist a corresponding
Hamiltonian function µξ : X → R such that
dµξ = ıξXω .
Moreover, X is compact and therefore we may assume that∫
X
µξ ω
n = 0
for every ξ. Now it follows that
∫
X
{µξ1 , µξ2}ω
n = 0 for all ξ1, ξ2 ∈ k and this implies
that {µξ1 , µξ2} = µ[ξ1,ξ2], i.e., since K is connected µ : X → k, µ(x)(ξ) := µξ(x) is K-
equivariant. Here { , } denotes the Poisson brackets on C∞(X) given by ω. 
Proof of the Semistability Theorem. Given a smooth K-invariant Ka¨hler form ω on a
smooth projective G-variety X we already know from Lemma 2 that there is a Ka¨hler
form ω˜ on X which lies in the R-span of the ample cone of X such that
(∗)
∫
C
ω =
∫
C
ω˜
on every analytic curve C in X . Since K is assumed to be connected the cohomology class
of ω˜ is K-invariant. Hence, after integration over the compact group K, we may assume
that ω˜ is K invariant and still satisfies (∗).
Now it follows from Lemma 4, the Proposition in sec. 7 and the existence of a moment
map in the semisimple case that there is a moment map µt : X → k∗ with respect to ωt
where ωt = (1 − t) ω˜ + t ω such that the µt depends continuously on t and such that
X(µtZ) = X(µ
0
Z) for all t ∈ [0, 1]. Here Z denotes the connected component of the center
of K.
Moreover (∗) implies
(∗∗)
∫
C
ωt =
∫
C
ω .
Since the closure of every G-orbit in X has an equivariant algebraic desingularization, it
follows from the above Corollary than the forms are cohomologous on the closure of every
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G-orbit. The statement of the theorem now follows from the Proposition in sec. 9 and the
Proposition in sec. 5. 
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